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In this paper, we have studied nonstationary radiative spherically symmetric spacetime, in general
covariant theory (U(1) extension) of Horˇava-Lifshitz gravity without the projectability condition and
in the infrared limit. The Newtonian prepotential ϕ was assumed null. We have shown that there is
not the analogue of the Vaidya’s solution in the Horˇava-Lifshitz Theory (HLT), as we know in the
General Relativity Theory (GRT). Therefore, we conclude that the gauge field A should interact
with the null radiation field of the Vaidya’s spacetime in the HLT.
PACS numbers: 04.50.Kd; 98.80.-k; 98.80.Bp
I. INTRODUCTION
One of the biggest problem of the GRT lies on the dif-
ficult of its quantization, since it is a non-renormalizable
theory. However, Horˇava [1] has proposed a benchmark
in renormalizable quantum gravity theory which has at-
tracted a great interest. The theory was inspired by
the Lifshitz scalar [2] and has often been called Horˇava-
Lifshitz theory gravity. He has formulated a theory of
quantum gravity, whose scaling at short distances ex-
hibits a strong anisotropy between space and time [1],
x→ b−1x, t→ b−zt. (1)
In order for the theory to be power-counting renormaliz-
able, in (3 + 1)-dimensions the critical exponent z needs
to be z ≥ 3 [1, 3]. Since the literature about the the-
ory is very extensive we suggest the reader the references
[5]-[22].
In order to solve several problems in the HLT, Wang
and collaborators have proposed a model without the
projectability condition, but assuming that: (a) the de-
tailed balance condition is softly broken; and (b) the
symmetry of theory is enlarged to included a local U(1)
symmetry [23, 24]. The enlarged symmetry was first in-
troduced by Horˇava and Melby-Thompson (HMT) in the
case with the projectability condition and λ = 1 [25], and
was soon generalized to the case with any λ [28], where λ
is a coupling constant, which characterizes the deviation
from GRT in the infrared limit [25–30].
In this paper, we will analyze if the Vaidya’s spacetime
can be described as a null radiation fluid in the general
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covariant HLT of gravity without the projectability con-
dition [23, 24]. In Section II we present a brief intro-
duction to the HLT. In Section III we show the Vaidya’s
spacetime, expressed in ADM decomposition[4]. In Sec-
tion IV we present the HLT equations for the infrared
limit and their possible solutions. In Section V we an-
alyze all the possible solutions for the HLT field equa-
tions. In Section VI we discuss the results. Finally, in
Appendix A we present all the equations of HLT without
projectability.
II. GENERAL COVARIANT
HORˇAVA-LIFSHITZ GRAVITY WITHOUT
PROJECTABILITY
In this section, we shall give a very brief introduc-
tion to the general covariant HLT gravity without the
projectability condition. For detail, we refer readers to
[23, 24]. The total action of the theory can be written
as,
S = ζ2
∫
dtd3x
√
gN
(
LK − LV + LA + Lϕ + 1
ζ2
LM
)
,
(2)
where g = det(gij), and
LK = KijKij − λK2,
LV = −
(
β0aia
i − γ1R
)
,
LA = A
N
(
2Λg −R
)
,
Lϕ = ϕGij
(
2Kij +∇i∇jϕ+ ai∇jϕ
)
+(1− λ)
[(
∆ϕ+ ai∇iϕ
)2
+ 2
(
∆ϕ+ ai∇iϕ
)
K
]
+
1
3
Gˆijlk
[
4 (∇i∇jϕ) a(k∇l)ϕ
+ 5
(
a(i∇j)ϕ
)
a(k∇l)ϕ+ 2
(∇(iϕ) aj)(k∇l)ϕ
2+ 6Kija(l∇k)ϕ
]
, (3)
where A and ϕ are the the gauge field and the Newtonian
prepotential, respectively [31]. Here ∆ ≡ gij∇i∇j , Λg is
a coupling constant, and all the coefficients, βn and γn,
are dimensionless and arbitrary, except for the ones of
the sixth-order derivative terms, γ5 and β8, which must
satisfy the conditions,
γ5 > 0, β8 < 0, (4)
in order to the theory to be unitary in the UV. The Ricci
and Riemann tensors Rij and R
i
jkl all refer to the 3-
metric gij , with Rij = R
k
ikj and
Kij ≡ 1
2N
(−g˙ij +∇iNj +∇jNi) ,
Gij ≡ Rij − 1
2
gijR+ Λggij . (5)
LM is the Lagrangian of matter fields. To be consistent
with observations in the infrared limit, we assume that
ζ2 =
1
16piG
, γ1 = −1, (6)
where G denotes the Newtonian constant, and
Λ ≡ 1
2
ζ2γ0, (7)
is the cosmological constant. Cij denotes the Cotton ten-
sor, defined by
Cij =
eikl√
g
∇k
(
Rjl −
1
4
Rδjl
)
, (8)
with e123 = 1. Using the Bianchi identities, one can show
that CijC
ij can be written in terms of the five indepen-
dent sixth-order derivative terms in the form
CijC
ij =
1
2
R3 − 5
2
RRijR
ij + 3RijR
j
kR
k
i +
3
8
R∆R
+(∇iRjk)
(∇iRjk)+∇kGk, (9)
where
Gk =
1
2
Rjk∇jR−Rij∇jRik − 3
8
R∇kR. (10)
Variations of the total action (2) with respect to
N, N i, A, ϕ and gij yield, respectively, the Hamilto-
nian, momentum, A-, and ϕ-constraints, and dynamical
equations, which are given explicitly in [24]. For the sake
of reader’s convenience, we include them in Appendix A.
In addition, assuming the translation symmetry of the
action, one obtains the conservation laws of energy and
momentum [24], which are also given in Appendix A.
III. VAIDYA’S SPACETIME
The Arnowitt-Deser-Misner (ADM) form is given by
[4],
ds2 = −N2dt2 + gij
(
dxi +N idt
) (
dxj +N jdt
)
,
(i, j = 1, 2, 3). (11)
Hereinafter, the Newtonian prepotential ϕ is assumed
null and G = c = 1.
The Vaidya’s spacetime with an ingoing null dust usu-
ally written in the form [32],
ds2 = −
(
1− 2m(v)
r
)
dv2 + 2dvdr + r2dΩ2, (12)
where dΩ2 ≡ dθ2 + sin2 θdφ2, and the corresponding
energy-momentum tensor is given by
Tµν = ρ(v, r)lµlν , (13)
with
ρ =
2
r2
dm
dv
, lµ = −δvµ. (14)
Introducing a time-like coordinate t via the relation,
v = 2(t+ r), the metric (12) can be cast in the form,
ds2 = − r
M
dt2 +
4M
r
[
dr +
(
1− r
2M
)
dt
]2
+r2dΩ2, (15)
where
M ≡M(V ) = 2m(v), V ≡ t+ r. (16)
From equation (15), we immediately obtain
N =
√
r
M
, N i =
(
1− r
2M
)
δir,
grr =
4M
r
, gθθ = r
2, gφφ = r
2 sin2 θ, (17)
and
Ni ≡ gijN j = −2
(
1− 2M
r
)
δri ,
grr =
r
4M
, gθθ =
1
r2
, gφφ =
1
r2 sin2 θ
, (18)
ρ =
M∗
2r2
, lµ = −2
(
δtµ + δ
r
µ
)
, (19)
where M∗ ≡ dM/dV .
Since M = M(V ), introducing another independent
variable, U = t− r, we can find that
M ′ = M˙ =
1
2
M∗, (20)
since dM(V )/dU = 0.
3Then, we find that the non null metric components are
(4)gtt = −
(
N2 −NiN i
)
= −4
r
(M − r) ,
(4)gti = Ni =
2
r
(2M − r) δri ,
(4)grr = grr =
4M
r
,
(4)gθθ = gθθ = r
2,
(4)gφφ = gφφ = r
2 sin2 θ,
(4)gtt = − 1
N2
= −M
r
(4)gti =
N i
N2
=
M
r
(
1− r
2M
)
δir,
(4)grr = 1− M
r
,
(4)gθθ =
1
r2
,
(4)gφφ =
1
r2 sin2 θ
,
(21)
(4)gtt = 1,
(4)grr = 1,
(4)gθθ = 1,
(4)gφφ = 1.
(22)
For the projection tensor the non null components are
(4)hrt = 1−
r
2M
,
(4)hrr = 1,
(4)hθθ = 1,
(4)hφφ = 1.
(23)
Then, it can be shown that
nµ = Nδ
t
µ =
√
r
M
,
nµ ≡ (4)gµνnν = − 1
N
(
δµt −N iδµi
)
=
√
M
r
[
−δµt +
(
1− r
2M
)
δµr
]
, (24)
hµν =
(4)gµν + n
µnν ,
hrt = 1−
r
2M
,
hrr = 1,
hθθ = 1,
hφφ = 1, (25)
Ji = Tµνn
µhνi
=
1
r2
√
M
r
dM
dV
δri
=
1
r2
√
M
r
(M˙ +M ′)δri , (26)
τij = Tµνh
µ
i h
ν
j
=
8M
r3
dM
dV
δri δ
r
j
=
8M
r3
(M˙ +M ′)δri δ
r
j , (27)
(28)
where the prime and dot denotes the partial differentia-
tion in relation to the coordinate r and t, respectively.
IV. INFRARED LIMIT
In the infrared limit we must have
Jt = −2ρ. (29)
Besides, hereinafter, we have assumed that λ = 1.
Thus we have
Krr =
−2M ′Mr −M ′r2 − 2M˙Mr + 2M2 +Mr√
r/MMr2
,
Kθθ =
r(−2M + r)
2
√
r/MM
,
Kφφ = sin
2 θ
r(−2M + r)
2
√
r/MM
,
K =
−2M ′Mr −M ′r2− 2M˙Mr − 6M2 + 5Mr
4
√
r/MM2r
,
Rrr =
M ′r −M
Mr2
,
Rθθ =
M ′r2 + 8M2 − 3Mr
/8M2
,
Rφφ = sin
2 θ
M ′r2 + 8M2 − 3Mr
8M2
, (30)
R =
M ′r2 + 4M2 − 2Mr
2M2r2
, (31)
and
LK = 1
2M2r2
×
[−4M ′2M2 +M ′Mr2 + 4M˙M2 − 2M˙Mr +
4M2 − 2Mr] (32)
LV = − 1
2M2r2
[M ′r2 + 4M2 − 2Mr] (33)
4FV =
β0
16M3r
[−4M ′′Mr2 + 7M ′2r2 − 14M ′Mr + 7M2]
(34)
From equation (51) we have
H = LK + LV + FV = 8piJ t = 1
16M3r2
×
[−4M ′′β0Mr3 + 7M ′2β0r3 − 14M ′β0Mr2 −
32M ′M3 + 32M˙M3 − 16M˙M2r + 7β0M2r](35)
Jr =
M˙√
r/MMr
(36)
JA =
1
2M2r2
[M ′r2 − 4ΛgM2r2 + 4M2 − 2Mr] (37)
Jϕ =
1
16
√
r/MM4r3
×
[−4M ′′M2r3 + 2M ′′Mr4 + 6M ′2Mr3 − 5M ′2r4 +
8M ′ΛgM
3r3 + 4M ′ΛgM
2r4 − 8M ′M3r −
14M ′M2r2 + 11M ′Mr3 − 8M˙ΛgM3r3 +
8M˙M3r − 2M˙M2r2 + 24ΛgM4r2 −
20ΛgM
3r3 + 8M4 + 8M3r − 6M2r2] (38)
From the dynamical equation (62) we have
Drr = 8piτ00 =
drr
128
√
r/MM4r
, (39)
where
drr =
−16A′M2r2 −
√
r/MM ′2β0r
3 +
2
√
r/MM ′β0Mr
2 − 32
√
r/MM ′M3 +
96
√
r/MM˙M3 − 16
√
r/MM˙M2r −√
r/Mβ0M
2r − 32AΛgM3r2 +
32AM3 − 8AM2r (40)
Dθθ = 8piτθθ =
dθθ
32
√
r/MM3r3
, (41)
where
dθθ =
−8A′′M2r2 + 4A′M ′Mr2 − 12A′M2r +
32
√
r/MM˙ ′M3 − 16
√
r/MM ′′M3 +√
r/MM ′2β0r
2 − 2
√
r/MM ′β0Mr +
4M ′AMr − 16
√
r/MM¨M3 +√
r/Mβ0M
2 − 32AΛgM3r − 4AM2 (42)
Dφφ = 8piτφφ =
Dθθ
sin2 θ
. (43)
V. POSSIBLE SOLUTIONS
We are looking for a HLT solution which is equivalent
to the Vaidya’s solution in GRT. Then, initially we sup-
pose that there is not any coupling between the matter
field (the null radiation) and the gauge field A. It means
that JA = 0. From equations (60) and (31), we have
JA =M
′r2 − 4ΛgM2r2 + 4M2 − 2Mr = 0, (44)
which give us the solution
M = 3
r2
−4Λgr3 + 12r + 3f(t) , (45)
where f(t) is an integration time function.
Using equations (27), (36) and (51) we have
M˙
Mr
√
r/M
(
1− M
r
)
= 8pi
1
r2
M˙ +M ′√
r/M
. (46)
Substituting equation(20) into (46) we get
M(r, t) =
r
16pi + 1
. (47)
So, we can see that the mass depends only on the coor-
dinate r, i.e., it is a static solution. Therefore, we can
conclude that there is not Vaidya’s solution in the theory
of Horˇava-Lifshitz, at least without coupling between the
null radiation and the gauge field A.
Moreover, since M = M(V ) and U = t − r, we can
write the equation (44) in terms of V and U , that is
1
8
(V −U)2 dM
dV
−ΛgM2(V −U)2+4M2−M(V −U) = 0.
(48)
Deriving (48) twice, in terms of U, and solving the dif-
ferential equation, we find
M(V ) = − 1
M0 + 8ΛgV
. (49)
Substituting the equation (49) into equation (44), we find
that it does not satisfy for any M0 and Λg. Thus, again,
we can conclude that, in fact, there is no Vaidya’s solu-
tion in the Horˇava-Lifshitz theory if JA = 0. In another
words, the gauge field A must depend on the Vaidya’s
mass, i.e., JA = JA(M).
Finally, let us suppose that JA 6= 0, and considering
the high complexity of the field equations, we use the
follow ansatz Jϕ = 0 and a solution like M(V ) = M0V ,
whereM0 is a constant. We can show using equation (38)
that we have no consistent solution for it. This can imply
in the need of the coupling between the null radiation and
the pre-potential ϕ or, more probably, that the particular
solution proposed is not consistent.
5VI. CONCLUSION
In this paper, we have analyzed nonstationary radia-
tive spherically symmetric spacetime, in general covari-
ant theory of Horˇava-Lifshitz gravity without the pro-
jectability condition and in the infrared limit. The New-
tonian prepotential ϕ was assumed null. We have shown
that the gauge field A must interacts with the null radia-
tion field of the Vaidya’s spacetime in the HLT, since we
must have JA 6= 0. Besides, we can conclude that there is
not Vaidya’s solution, as we know in GRT, in the theory
of Horˇava-Lifshitz.
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VII. APPENDIX A: HLT FIELD EQUATIONS
AND CONSERVATION LAWS
The variations of the action S (2) with respect to N
and N i give rise to the Hamiltonian and momentum con-
straints,
LK + LRV + FV − Fϕ − Fλ = 8piGJ t, (50)
∇j
{
piij − ϕGij − Gˆijklal∇kϕ
−(1− λ)gij(∇2ϕ+ ak∇kϕ)
}
= 8piGJ i, (51)
where
LRV = γ0ζ2 −R+
γ2R
2 + γ3RijR
ij
ζ2
+
γ5
ζ4
CijC
ij ,
J i = −N δLM
δNi
, J t = 2
δ(NLM )
δN
,
piij = −Kij + λKgij , (52)
and FV , Fϕ and Fλ are given, respectively, by
FV = β0(2a
i
i + aia
i)− β1
ζ2
[
3(aia
i)2 + 4∇i(akakai)
]
+
β2
ζ2
[
(aii)
2 +
2
N
∇2(Nakk)
]
+
β3
ζ2
[
− (aiai)ajj − 2∇i(ajjai) +
1
N
∇2(Naiai)
]
+
β4
ζ2
[
aija
ij +
2
N
∇j∇i(Naij)
]
+
β5
ζ2
[
−R(aiai)− 2∇i(Rai)
]
+
β6
ζ2
[
− aiajRij −∇i(ajRij)−∇j(aiRij)
]
+
β7
ζ2
[
Raii +
1
N
∇2(NR)
]
+
β8
ζ4
[
(∆ai)2 − 2
N
∇i[∆(N∆ai)]
]
, (53)
Fϕ = −Gij∇iϕ∇jϕ,− 2
N
Gˆijkl∇l(NKij∇kϕ),
−4
3
[
Gˆijkl∇l(∇kϕ∇i∇jϕ)
]
+
5
3
[
− Gˆijkl [(ai∇jϕ)(ak∇lϕ) +∇i(ak∇jϕ∇lϕ)
+∇k(ai∇jϕ∇lϕ)]
]
+
2
3
[
Gˆijkl [aik∇jϕ∇lϕ+ 1
N
∇i∇k(N∇jϕ∇lϕ)]
]
,
(54)
Fλ = (1− λ)
{
(∇2ϕ+ ai∇iϕ)2 − 2
N
∇i(NK∇iϕ)
− 2
N
∇i[N(∇2ϕ+ ai∇iϕ)∇iϕ]
}
. (55)
(Fn)ij , (F
a
s )ij and
(
Fϕq
)
ij
, defined in equation (63),
are given, respectively, by
(F0)ij = −1
2
gij ,
(F1)ij = Rij − 1
2
Rgij +
1
N
(gij∇2N −∇j∇iN),
(F2)ij = −1
2
gijR
2 + 2RRij
+
2
N
[
gij∇2(NR)−∇j∇i(NR)
]
,
(F3)ij = −1
2
gijRmnR
mn + 2RikR
k
j
6+
1
N
[
− 2∇k∇(i(NRkj))
+∇2(NRij) + gij∇m∇n(NRmn)
]
,
(F4)ij = −1
2
gijR
3 + 3R2Rij
+
3
N
(
gij∇2 −∇j∇i
)
(NR2),
(F5)ij = −1
2
gijRRmnR
mn
+RijRmnR
mn + 2RRikR
k
j
+
1
N
[
gij∇2(NRmnRmn)
−∇j∇i(NRmnRmn)
+∇2(NRRij) + gij∇m∇n(NRRmn)
−2∇m∇(i(Rmj)NR)
]
,
(F6)ij = −1
2
gijR
m
n R
n
l R
l
m + 3R
mnRmiRnj
+
3
2N
[
gij∇m∇n(NRma Rna)
+∇2(NRmiRmj )− 2∇m∇(i(NRj)nRmn)
]
,
(F7)ij = −1
2
gijR∇2R+Rij∇2R+R∇i∇jR
+
1
N
[
gij∇2(N∇2R)−∇j∇i(N∇2R)
+Rij∇2(NR) + gij∇4(NR)−∇j∇i(∇2(NR))
−∇(j(NR∇i)R) +
1
2
gij∇k(NR∇kR)
]
,
(F8)ij = −1
2
gij(∇mRnl)2 + 2∇mRni ∇mRnj
+∇iRmn∇jRmn + 1
N
[
2∇n∇(i∇m(N∇mRnj))
−∇2∇m(N∇mRij)− gij∇n∇p∇m(N∇mRnp)
−2∇m(NRl(i∇mRlj))− 2∇n(NRl(i∇j)Rnl)
+2∇k(NRkl ∇(iRlj))
]
,
(F9)ij = −1
2
gijakG
k +
1
2
[
akRk(j∇i)R+ a(iRj)k∇kR
]
−akRmi∇jRmk − akRn(i∇nRj)k
−1
2
[
aiR
km∇mRkj + ajRkm∇mRki
]
−3
8
a(iR∇j)R+
3
8
{
R∇k(Nak)Rij
+gij∇2
[
R∇k(Nak)
]
−∇i∇j
[
R∇k(Nak)
]}
+
1
4N
{
− 1
2
∇m
[
∇(iNaj)∇mR +∇(i(∇j)R)Nam
]
+∇2(Na(i∇j)R) + gij∇m∇n(Nam∇nR)
+∇m
[
∇(i(∇j)Rkm)Nak +∇(i(∇mRkj))Nak
]
−2∇2(Nak∇(iRkj))− 2gij∇m∇n(Nak∇(nRkm))
−∇m
[
∇i∇p(NajRpm +NamRpj )
+∇j∇p(NaiRpm +NamRpi )
]
+2∇2∇p(Na(iRpj))
+2gij∇m∇n∇p(Na(nRm)p)
}
,
(56)
(F a0 )ij = −
1
2
gija
kak + aiaj ,
(F a1 )ij = −
1
2
gij(aka
k)2 + 2(aka
k)aiaj ,
(F a2 )ij = −
1
2
gij(a
k
k)
2 + 2akkaij
− 1
N
[
2∇(i(Naj)akk)− gij∇α(aαNakk)
]
,
(F a3 )ij = −
1
2
gij(aka
k)aββ + a
k
kaiaj + aka
kaij
− 1
N
[
∇(i(Naj)akak)−
1
2
gij∇α(aαNakak)
]
,
(F a4 )ij = −
1
2
gija
mnamn + 2a
k
i akj
− 1
N
[
∇k(2Na(iaj)k −Naijak)
]
,
(F a5 )ij = −
1
2
gij(aka
k)R + aiajR+ a
kakRij
+
1
N
[
gij∇2(Nakak)−∇i∇j(Nakak)
]
,
(F a6 )ij = −
1
2
gijamanR
mn + 2amRm(iaj)
− 1
2N
[
2∇k∇(i(aj)Nak)−∇2(Naiaj)
−gij∇m∇n(Naman)
]
,
(F a7 )ij = −
1
2
gijRa
k
k + a
k
kRij +Raij
+
1
N
[
gij∇2(Nakk)−∇i∇j(Nakk)
−∇(i(NRaj)) +
1
2
gij∇k(NRak)
]
,
(F a8 )ij = −
1
2
gij(∆ak)
2 + (∆ai)(∆aj) + 2∆a
k∇(i∇j)ak
+
1
N
[
∇k[a(i∇k(N∆aj)) + a(i∇j)(N∆ak)
−ak∇(i(N∆aj)) + gijNaβk∆aβ −Naij∆ak]
−2∇(i(Naj)k∆ak)
]
, (57)
(Fϕ1 )ij = −
1
2
gijϕGmnKmn
+
1
2
√
gN
∂t(
√
gϕGij)− 2ϕKν(iRj)ν
7+
1
2
ϕ(KRij +KijR− 2KijΛg)
+
1
2N
{
Gij∇k(ϕNk)− 2Gk(i∇k(Nj)ϕ)
+gij∇2(NϕK)−∇i∇j(NϕK)
+2∇k∇(i(Kj)kϕN),
−∇2(NϕKij)− gij∇α∇β(NϕKαβ)
}
,
(Fϕ2 )ij = −
1
2
gijϕGmn∇m∇nϕ
−2ϕ∇(i∇kRj)k +
1
2
ϕ(R − 2Λg)∇i∇jϕ
− 1
N
{
− 1
2
(Rij + gij∇2 −∇i∇j)(Nϕ∇2ϕ)
−∇k∇(i(Nϕ∇k∇j)ϕ) +
1
2
∇2(Nϕ∇i∇jϕ)
+
gij
2
∇α∇β(Nϕ∇α∇βϕ)
−Gk(i∇k(Nϕ∇j)ϕ) +
1
2
Gij∇k(Nϕ∇kϕ)
}
,
(Fϕ3 )ij = −
1
2
gijϕGmnam∇nϕ
−ϕ(a(iRj)k∇kϕ+ akRk(i∇j)ϕ)
+
1
2
(R − 2Λg)ϕa(i∇j)ϕ
− 1
N
{
− 1
2
(Rij + gij∇2 −∇i∇j)(Nϕak∇kϕ)
−1
2
∇k
[
∇(i(∇j)ϕNϕ) +∇(i(aj)ϕN∇kϕ)
]
+
1
2
∇2(Nϕa(i∇j)ϕ)
+
gij
2
∇α∇β(Nϕaα∇βϕ)
}
,
(Fϕ4 )ij = −
1
2
gij GˆmnklKmna(k∇l)ϕ
+
1
2
√
gN
∂t[
√
gG klij a(l∇k)ϕ]
+
1
2N
∇α
[
aαN(i∇j)ϕ+N(iaj)∇αϕ
−Nαa(i∇j)ϕ+ 2gijNαak∇kϕ
]
+
1
N
∇(i(NNj)ak∇kϕ)
+akKk(i∇j)ϕ+ a(iKj)k∇kϕ
−Ka(i∇j)ϕ−Kijak∇kϕ,
(Fϕ5 )ij = −
1
2
gij Gˆmnkl[a(k∇l)ϕ][∇m∇nϕ]
−a(i∇k∇j)ϕ∇kϕ− ak∇k∇(iϕ∇j)ϕ
+a(i∇j)ϕ∇2ϕ+ ak∇kϕ∇i∇jϕ
+
1
2N
{
∇k(Nϕak∇iϕ∇jϕ)
−2∇(i(N∇j)ϕak∇kϕ)
+gij∇α(∇αϕak∇kϕ)
}
,
(Fϕ6 )ij = −
1
2
gij Gˆmnkl[a(m∇n)ϕ][a(k∇l)ϕ]
−1
2
(ak∇iϕ− ai∇kϕ)(ak∇jϕ− aj∇kϕ),
(Fϕ7 )ij = −
1
2
gij Gˆmnkl[∇(nϕ][am)(k][∇l)ϕ]
−1
2
akk∇iϕ∇jϕ−
1
2
aij∇kϕ∇kϕ
+ak(i∇j)ϕ∇kϕ−
1
2N
{
−∇(i(Naj)∇kϕ∇kϕ)
+∇k(Na(i∇j)ϕ∇kϕ)
+
gij
2
∇k(Nak∇mϕ∇mϕ)
−1
2
∇k(Nak∇iϕ∇jϕ)
}
,
(Fϕ8 )ij = −
1
2
gij(∇2ϕ+ ak∇kϕ)2
−2(∇2ϕ+ ak∇kϕ)(∇i∇jϕ+ ai∇jϕ)
− 1
N
{
− 2∇(j [N∇i)ϕ(∇2ϕ+ ak∇kϕ)]
+gij∇α[N(∇2ϕ+ ak∇kϕ)∇αϕ]
}
,
(Fϕ9 )ij = −
1
2
gij(∇2ϕ+ ak∇kϕ)K
−(∇2ϕ+ ak∇kϕ)Kij
−(∇i∇jϕ+ ai∇jϕ)K
+
1
2
√
gN
∂t[
√
g(∇2ϕ+ ak∇kϕ)gij ]
− 1
N
{
−∇(j [Ni)(∇2ϕ+ ak∇kϕ)]
+
1
2
gij∇α[Nα(∇2ϕ+ ak∇kϕ)]
−∇(j(NK∇i)ϕ) +
1
2
gij∇k(NK∇kϕ)
}
.
(58)
Variations of S with respect to ϕ and A yield, respec-
tively,
1
2
Gij(2Kij +∇i∇jϕ+ a(i∇j)ϕ)
+
1
2N
{
Gij∇j∇i(Nϕ)− Gij∇j(Nϕai)
}
− 1
N
Gˆijkl
{
∇(k(al)NKij) +
2
3
∇(k(al)N∇i∇jϕ)
−2
3
∇(j∇i)(Na(l∇k)ϕ) +
5
3
∇j(Naiak∇lϕ)
+
2
3
∇j(Naik∇lϕ)
}
8+
1− λ
N
{
∇2 [N(∇2ϕ+ ak∇kϕ) ]
−∇i[N(∇2ϕ+ ak∇kϕ)ai]
+∇2(NK)−∇i(NKai)
}
= 8piGJϕ, (59)
and
R − 2Λg = 8piGJA, (60)
where
Jϕ = −δLM
δϕ
, JA = 2
δ(NLM )
δA
. (61)
On the other hand, the variation of S with respect to
gij yields the dynamical equations,
1√
gN
∂
∂t
(√
gpiij
)
+ 2(KikKjk − λKKij)
−1
2
gijLK + 1
N
∇k(piikN j + pikjN i − piijNk)
+F ij + F ija −
1
2
gijLA + F ijϕ
− 1
N
(ARij + gij∇2A−∇j∇iA) = 8piGτ ij , (62)
where
τ ij =
2√
gN
δ(
√
gNLM )
δgij
,
F ij =
1√
gN
δ(−√gNLRV )
δgij
=
∑
s=0
γˆsζ
ns(Fs)
ij , (63)
F ija =
1√
gN
δ(−√gNLaV )
δgij
=
∑
s=0
βsζ
ms(F as )
ij , (64)
F ijϕ =
1√
gN
δ(−√gNLϕV )
δgij
=
∑
s=0
µs(F
ϕ
s )
ij , (65)
with
γˆs =
(
γ0, γ1, γ2, γ3,
1
2
γ5,−5
2
γ5, 3γ5,
3
8
γ5, γ5,
1
2
γ5
)
,
ns = (2, 0,−2,−2,−4,−4,−4,−4,−4,−4),
ms = (0,−2,−2,−2,−2,−2,−2,−2,−4),
µs =
(
2, 1, 1, 2,
4
3
,
5
3
,
2
3
, 1− λ, 2 − 2λ
)
. (66)
In addition, the matter components (J t, J i, Jϕ, JA, τ
ij)
satisfy the conservation laws of energy and momentum,
∫
d3x
√
gN
[
g˙ijτ
ij − 1√
g
∂t(
√
gJ t) +
2Ni√
gN
∂t(
√
gJ i)
− A√
gN
∂t(
√
gJA)− 2ϕ˙Jϕ
]
= 0, (67)
1
N
∇i(Nτik)− 1√
gN
∂t(
√
gJk)− JA
2N
∇kA− J
t
2N
∇kN
−Nk
N
∇iJ i − Ji
N
(∇iNk −∇kNi) + Jϕ∇kϕ = 0. (68)
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